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SOME REMARKS ON QUASI GENERALIZED CR-NULL
GEOMETRY IN INDEFINITE NEARLY COSYMPLECTIC
MANIFOLDS
FORTUN ´E MASSAMBA*, SAMUEL SSEKAJJA**
ABSTRACT. In [21], the authors initiated the study of quasi general-
ized CR (QGCR)-null submanifolds. In this paper, attention is drawn
to some distributions on ascreen QGCR-null submanifolds in an indef-
inite nearly cosymplectic manifold. We characterize totally umbilical
and irrotational ascreen QGCR-null submanifolds. We finally discuss
the geometric effects of geodesity conditions on such submanifold.
1. INTRODUCTION
One of the current interesting research areas in semi-Riemannian geom-
etry is the theory of null (or lighlike) submanifolds. An intrinsic approach
to the theory of null submanifols was advanced by D. N. Kupeli [15], yet
an extrinsic counterpart had to wait for Duggal-Bejancu [6], and later by
Duggal-Sahin [9]. Since then, many researchers have labored to extend
their theories with evidence from these few selected papers: [7], [9], [10],
[11], [13], [17], [18], [19] and other references therein. The rapid increase
in research on this topic, since 1996, is inspired by the numerous applica-
tions of the theory to mathematical physics, particularly in general relativity.
More precisely, in general relativity, null submanifolds represent different
models of black hole horizons (see [6] and [9] for details).
In [10], the authors initiated the study of generalized CR (GCR)-null
submanifolds of an indefinite Sasakian manifold, which are tangent to the
structure vector field, ξ, of the almost contact structure (φ, ξ, η). Moreover,
when ξ is tangent to the submanifold, C. Calin [4] proved that it belongs to
its screen distribution. This assumption is widely accepted and it has been
applied in many papers on null contact geometry, for instance [8], [9], [10],
[17], [18] and [19]. It is worthy mentioning that ξ is a global vector field
defined on the entire tangent bundle of the ambient almost contact mani-
fold. Thus, restricting it to the screen distribution is only one of those cases
in which it can be placed. In the study of Riemannian CR-submanifolds of
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Sasakian manifolds, Yano-Kon [22, page 48] proved that making ξ a nor-
mal vector field in such scenario leads to an anti-invariant submanifold, and
hence ξ was kept tangent to the CR-submanifold. Their proof leans against
the fact that; the shape operator on such CR-submanifold is naturally sym-
metric with respect to the induced Riemannian metric g. On the other hand,
the shape operators of any r-null submanifold are generally not symmetric
with respect to the induced degenerate metric g (see [6] and [9] for details).
In an attempt to generalize ξ, we introduced a special class of CR-null
submanifold of a nearly Sasakian manifold, known as quasi generalized CR
(QGCR)-null submanifold [21], for which the classical GCR-null submani-
folds [9] forms part. Among other benefits, generalizing ξ leads to QGCR-
null submanifolds of lower dimensions and with quite different geometric
properties compared to respective GCR-null submanifolds.
The purpose of this paper is to investigate the geometry of distributions
on ascreen QGCR-null submanifolds of indefinite nearly cosymplectic man-
ifolds. The paper is organized as follows; In Section 2, we present the basic
notions of null submanifolds and nearly cosymplectic manifolds. More de-
tails can be found in [1], [2], [3], [5], [12] and [16]. In Section 3, we review
the basic notions of QGCR-null submanifolds and we give an example of
ascreen QGCR-null submanifold. In Section 4, we discuss totally umbil-
ical, totally geodesic and irrotational ascreen QGCR-null submanifolds of
an indefinte nearly cosymplectic space form M(c). Finally, in Section 5 we
investigate the geodesity of the distributions D and D̂.
2. PRELIMINARIES
Let Mm be a codimension n submanifold of a semi Riemannian manifold
(M, g) of constant index ν, 1 ≤ ν ≤ m + n, where both m,n ≥ 1. Then,
M is said to be a null submanifold of M if the tangent and normal bundles
of M have a non-trivial intersection. This intersection defines a smooth dis-
tribution on M , called the radical distribution [6]. More precisely, consider
p ∈M , one defines the orthogonal complement TpM⊥ of the tangent space
TpM by
TpM
⊥ = {X ∈ TpM : g(X, Y ) = 0, ∀Y ∈ TpM)}.
If we denote the radical distribution on M by RadTpM , then RadTpM =
RadTpM
⊥ = TpM ∩TpM
⊥
. The submanifold M of M is said to be r-null
submanifold (one supposes that the index of M is ν ≥ r), if the mapping
RadTM : p ∈ M −→ RadTpM defines a smooth distribution on M of
rank r > 0.
In this paper, an r-null submanifold will simply be called a null subman-
ifold and g = g|TM is a null metric, unless we need to specify r.
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Let S(TM) be a screen distribution which is a semi-Riemannian com-
plementary distribution of RadTM in TM , that is,
TM = RadTM ⊥ S(TM). (2.1)
Consider a screen transversal bundle S(TM⊥), which is semi-Riemannian
and complementary to RadTM in TM⊥. For any local basis {E1, · · · , Er}
of RadTM , there exists a local null frame {N1, · · · , Nr} ⊂ S(TM⊥) in
S(TM)⊥ such that g(Ei, Nj) = δij and g(Ni, Nj) = 0. It follows that
there exists a null transversal vector bundle ltr(TM) locally spanned by
{N1, · · · , Nr} (see details in [6] and [9]). If tr(TM) denotes the comple-
mentary (but not orthogonal) vector bundle to TM in TM . Then,
tr(TM) = ltr(TM) ⊥ S(TM⊥), (2.2)
TM = S(TM) ⊥ S(TM⊥) ⊥ {RadTM ⊕ ltr(TM)}. (2.3)
It is important to note that the screen distribution S(TM) is not unique, and
is canonically isomorphic to the factor vector bundle TM/RadTM [15].
Given a null submanifold M , then the following classifications of M are
well-known [6]: i). M is r-null if 1 ≤ r < min{m,n}; ii). M is co-
isotropic if 1 ≤ r = n < m, S(TM⊥) = {0}; iii). M is isotropic if
1 ≤ r = m < n, S(TM) = {0}; iv). M is totally null if r = n = m,
S(TM) = S(TM⊥) = {0}.
Where necessary, the following range of indices will be used;
i, j, k ∈ {1, . . . , r}, α, β, γ ∈ {r + 1, . . . , n}.
Consider a local quasi-orthonormal fields of frames of M along M as
{E1, · · · , Er, N1, · · · , Nr, Xr+1, · · · , Xm,W1+r, · · · ,Wn},
where {Xr+1, · · · , Xm} and {W1+r, . . . ,Wn} are respectively orthonormal
bases of Γ(S(TM)|U) and Γ(S(TM⊥)|U).
Throughout the paper we consider Γ(Ξ) to be a set of smooth sections of
the vector bundle Ξ.
Let P be the projection morphism of TM on to S(TM). Then, the
Gauss-Weingartein equations of an r-null submanifold M and S(TM) are
the following (see [6] and [9] for detailed explanations);
∇XY = ∇XY +
r∑
i=1
hli(X, Y )Ni +
n∑
α=r+1
hsα(X, Y )Wα, (2.4)
∇XNi = −ANiX +
r∑
j=1
τij(X)Nj +
n∑
α=r+1
ρiα(X)Wα, (2.5)
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∇XWα = −AWαX +
r∑
i=1
ϕαi(X)Ni +
n∑
β=r+1
σαβ(X)Wβ, (2.6)
∇XPY = ∇
∗
XPY +
r∑
i=1
h∗i (X,PY )Ei, (2.7)
∇XEi = −A
∗
Ei
X −
r∑
j=1
τji(X)Ej , ∀ X, Y ∈ Γ(TM), (2.8)
where ∇ and ∇∗ are the induced connections on TM and S(TM) respec-
tively, hli and hsα are symmetric bilinear forms known as local null and
screen fundamental forms of TM respectively. Furthermore, h∗i are the
second fundamental forms of S(TM). ANi , A∗Ei and AWα are linear opera-
tors on TM while τij , ρiα, ϕαi and σαβ are 1-forms on TM . Note that the
second fundamental tensor of M is given by
h(X, Y ) =
r∑
i=1
hli(X, Y )Ni +
n∑
α=r+1
hsα(X, Y )Wα, (2.9)
for any X, Y ∈ Γ(TM). The connection ∇∗ is a metric connection on
S(TM) while ∇ is generally not a metric connection and is given by
(∇Xg)(Y, Z) =
r∑
i=1
{hli(X, Y )λi(Z) + h
l
i(X,Z)λi(Y )},
for any X, Y ∈ Γ(TM) and λi are 1-forms given by λi(X) = g(X,Ni), for
all X ∈ Γ(TM). By using (2.4), (2.5) and (2.6), the curvature tensors R¯, R
of M¯ and M , respectively are related as, for any X, Y, Z,W ∈ Γ(TM),
R(X,W,Z, Y ) = g(R(X,W )Z, Y ) + g(Ahl(X,Z)W,Y )
− g(Ahl(W,Z)X, Y ) + g(Ahs(X,Z)W,Y )
− g(Ahs(W,Z)X, Y ) + g((∇Xh
l)(W,Z), Y )
− g((∇Wh
l)(X,Z), Y ) + g(Dl(X, hs(W,Z)), Y )
− g(Dl(W,hs(X,Z)), Y ) + g((∇Xh
s)(W,Z), Y )
− g((∇Wh
s)(X,Z), Y ) + g(Ds(X, hl(W,Z)), Y )
− g(Ds(W,hl(X,Z)), Y ). (2.10)
A null submanifold (M, g) of an indefinite manifold (M, g) is said to be
totally umbilical in M [9] if there is a smooth transversal vector field H ∈
Γ(tr(TM)), called the transversal curvature vector of M such that
h = g ⊗H. (2.11)
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Moreover, it is easy to see that M is totally umbilical in M , if and only if
on each coordinate neighborhood U there exist smooth vector fields Hl ∈
Γ(ltr(TM)) and Hs ∈ Γ(S(TM⊥)) and smooth functionsHli ∈ F (ltr(TM))
and Hsα ∈ F (S(TM⊥)) such that,
hl(X, Y ) = Hlg(X, Y ), hs(X, Y ) = Hsg(X, Y ),
hli(X, Y ) = H
l
ig(X, Y ), h
s
α(X, Y ) = H
s
αg(X, Y ), (2.12)
for all X, Y ∈ Γ(TM).
Let now considerM to be a (2n+1)-dimensional manifold endowed with
an almost contact structure (φ, ξ, η), i.e. φ is a tensor field of type (1, 1), ξ
is a vector field, and η is a 1-form satisfying
φ
2
= −I+ η ⊗ ξ, η(ξ) = 1, η ◦ φ = 0 and φ(ξ) = 0. (2.13)
Then (φ, ξ, η, g) is called an indefinite almost contact metric structure onM
if (φ, ξ, η) is an almost contact structure on M and g is a semi-Riemannian
metric on M such that [3], for any vector field X , Y on M ,
g(φX, φY ) = g(X, Y )− η(X) η(Y ), and η(X) = g(ξ,X). (2.14)
An indefinite almost contact metric manifold (M,φ, ξ, η, g) is said to nearly
cosymplectic if
(∇Xφ)Y + (∇Y φ)X = 0, ∀X, Y ∈ Γ(TM), (2.15)
where ∇ is the Levi-Civita connection for g. Taking Y = ξ in (2.15), we
get
∇Xξ = −H X, ∀X ∈ Γ(TM). (2.16)
It is easy to see that one can verify the following properties of H;
H φ+ φH = 0, Hξ = 0, η ◦H = 0, (∇Xφ)ξ = φHX,
and g(HX, Y ) = −g(X,H Y ) (i.e. H is skew-symmetric), (2.17)
for all X, Y ∈ Γ(TM). Let Ω denote the fundamental 2-form of M defined
by
Ω(X, Y ) = g(X, φY ), X, Y ∈ Γ(TM) (2.18)
then,the 1-form η and tensor H are related as follows;
Lemma 2.1. Let (M,φ, ξ, η, g) be an indefinite nearly cosymplectic. Then,
dη(X, Y ) = g(X,H Y ), ∀X, Y ∈ Γ(TM). (2.19)
Moreover, M is cosymplectic if and only if H vanishes identically on M .
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Notice that, for all X, Y , Z ∈ Γ(TM),
g((∇Zφ)X, Y ) = −g(X, (∇Zφ)Y ), (2.20)
which means that the tensor ∇φ is skew-symmetric. The following lemma
is fundamental to the sequel.
Lemma 2.2. Let M be a nearly cosymplectic manifold, then
(∇Xφ)φY = −φ(∇Xφ)Y − g(Y ,H X)ξ − η(Y )HX, (2.21)
(∇φXφ)φY = −(∇Xφ)Y − η(X)φH Y + η(Y )φH X, (2.22)
for all X, Y ∈ Γ(TM).
Proof. The proof follows from a straightforward calculation. 
3. QUASI GENERALIZED CR-NULL SUBMANIFOLDS
We recall some basic notions on QGCR-null submanifolds (see [21] for
details).
The structure vector field ξ of an indefinite almost contact manifold (M, g)
can be written according to decomposition (2.3) as follows;
ξ = ξS +
r∑
i=1
aiEi +
r∑
i=1
biNi +
n∑
α=r+1
cαWα, (3.1)
where ξS is a smooth vector field of S(TM) while ai = η(Ni), bi = η(Ei)
and cα = ǫαη(Wα) all smooth functions on M . Here ǫα = g(Wα,Wα).
We adopt the definition of quasi generalized CR (QGCR)-lightlike sub-
manifolds given in [21] for indefinite nearly cosymplectic manifolds.
Definition 3.1. Let (M, g, S(TM), S(TM⊥)) be a null submanifold of an
indefinite nearly cosymplectic manifold (M, g). We say that M is quasi
generalized CR (QGCR)-null submanifold of M if the following conditions
are satisfied:
(i) there exist two distributions D1 and D2 of Rad TM such that
RadTM = D1 ⊕D2, φD1 = D1, φD2 ⊂ S(TM), (3.2)
(ii) there exist vector bundles D0 and D over S(TM) such that
S(TM) = {φD2 ⊕D} ⊥ D0, (3.3)
with φD0 ⊆ D0, D = φS ⊕ φL, (3.4)
where D0 is a non-degenerate distribution on M , L and S are respectively
vector subbundles of ltr(TM) and S(TM⊥).
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If D1 6= {0}, D0 6= {0}, D2 6= {0} and S 6= {0}, then M is called a
proper QGCR-null submanifold.
A proof of the following Proposition uses similar arguments as in [21];
Proposition 3.2. A QGCR-null submanifoldM of an indefinite nearly cosym-
plectic manifold M tangent to the structure vector field ξ is a GCR-null
submanifold.
Using (2.1), the tangent bundle of any QGCR-null submanifold, TM ,
can be decomposed as
TM = D ⊕ D̂, with D = D0 ⊥ D1 and D̂ = {D2 ⊥ φD2} ⊕D.
Unlike for a GCR-null submanifold, in a QGCR-null submanifold, D is
invariant with respect to φ while D̂ is not generally anti-invariant.
Throughout this paper, we suppose that (M, g, S(TM), S(TM⊥)) is a
proper QGCR-null submanifold. From the above definition, we can easily
deduce the following;
(1) condition (i) implies that dim(RadTM) = s ≥ 3,
(2) condition (ii) implies that dim(D) ≥ 4l ≥ 4 and dim(D2) =
dim(L).
Definition 3.3 ([14]). A null submanifold M of a semi-Riemannian man-
ifold M is said to be ascreen if the structure vector field, ξ, belongs to
RadTM ⊕ ltr(TM).
From Definition 3.3, Lemma 3.6 and Theorem 3.7 of [21], we have
Theorem 3.4. Let (M, g, S(TM), S(TM⊥)) be an ascreen QGCR-null sub-
manifold of an indefinite nearly cosymplectic manifoldM , then ξ ∈ Γ(D2⊕
L). If M is a 3-null QGCR submanifold of an indefinite nearly cosym-
plectic manifold (M, g), then M is ascreen null submanifold if and only if
φL = φD2.
Proof. The proof follows from straightforward calculation as in [21]. 
It is crucial to note the following aspects with ascreen QGCR-null sub-
manifold: item (2) of Definition 3.1 implies that dim(D) ≥ 4l ≥ 4 and
dim(D2) = dim(L). Thus dim(M) ≥ 7 and dim(M) ≥ 11, and any
7-dimensional ascreen QGCR-null submanifold is 3-null.
In what follows, we construct an ascreen QGCR-null submanifold of a
special nearly cosymplectic manifold with H = 0 (i.e., M is a cosymplectic
manifold). Thus, let (R2m+1q , φ0, ξ, η, g) denote the manifold R2m+1q with its
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usual cosymplectic structure given by
η = dz, ξ = ∂z,
g = η ⊗ η −
q
2∑
i=1
(dxi ⊗ dxi + dyi ⊗ dyi) +
m∑
i=q+1
(dxi ⊗ dxi + dyi ⊗ dyi),
φ0(
m∑
i=1
(Xi∂x
i + Yi∂y
i) + Z∂z) =
m∑
i=1
(Yi∂x
i −Xi∂y
i),
where (xi, yi, z) are Cartesian coordinates and ∂tk = ∂∂tk , for t ∈ R
2m+1
.
Now, we use the above structure to construct the following example;
Example 3.5. Let M = (R114 , g) be a semi-Euclidean space, with g is of
signature (−,−,+,+,+,−,−,+,+,+,+) with respect to the canonical
basis
(∂x1, ∂x2, ∂x3, ∂x4, ∂x5, ∂y1, ∂y2, ∂y3, ∂y4, ∂y5, ∂z).
Let (M, g) be a submanifold of M given by
x1 = y4, y1 = −x4, z = x2 sin θ + y2 cos θ and y5 = (x5) 12 ,
where θ ∈ (0, pi
2
). By direct calculations, we can see that the vector fields
E1 = ∂x4 + ∂y1, E2 = ∂x1 − ∂y4,
E3 = sin θ∂x2 + cos θ∂y2 + ∂z, X1 = 2y
5∂x5 + ∂y5,
X2 = − cos θ∂x2 + sin θ∂y2, X3 = ∂y3, X4 = ∂x3,
form a local frame of TM . Then RadTM is spanned by {E1, E2, E3},
and therefore, M is 3-null. Further, φ0E1 = E2, therefore we set D1 =
Span{E1, E2}. Also φ0E3 = −X2 and thus D2 = Span{E3}. It is easy to
see that φ0X3 = X4, so we set D0 = Span{X3, X4}. On the other hand,
following direct calculations, we have
N1 =
1
2
(∂x4 − ∂y1), N2 =
1
2
(−∂x1 − ∂y4),
N3 =
1
2
(− sin θ∂x2 − cos θ∂y2 + ∂z), W = ∂x5 − 2y
5∂y5,
from which ltr(TM) = Span{N1, N2, N3} and S(TM⊥) = Span{W}.
Clearly, φ0N2 = −N1. Further, φ0N3 = 12X2 and thus L = Span{N3}.
Notice that φ0N3 = −12φ0E3 and therefore φ0L = φ0D2. Also, φ0W =
−X1 and therefore S = Span{W}. Finally, we calculate ξ as follows;
Using Theorem 3.4 we have ξ = aE3 + bN3. Applying φ0 to this equation
we obtain aφ0E3 + bφ0N3 = 0. Now, substituting for φ0E3 and φ0N3 in
this equation we get 2a = b, from which we get ξ = 1
2
(E3 + 2N3). Since
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φ0ξ = 0 and g(ξ, ξ) = 1, we conclude that (M, g) is an ascreen QGCR-null
submanifold of M .
Proposition 3.6. There exist no co-isotropic, isotropic or totally null proper
QGCR-null submanifolds of an indefinite nearly cosymplectic manifold.
4. UMBILICAL AND GEODESIC ASCREEN QGCR-NULL
SUBMANIFOLDS
In this section, we prove two main theorems concerning totally umbilical,
totally geodesic and irrotational ascreen QGCR-null submanifolds of M .
An indefinite nearly cosymplectic manifold M is called an indefinite nearly
cosymplectic space form, denoted by M(c), if it has the constant φ-sectional
curvature c. The curvature tensor R of the indefinite nearly cosymplectic
space form M(c) is given by [12]:
4R(X,W,Z, Y ) = g((∇Wφ)Z, (∇Xφ)Y )− g((∇Wφ)Y , (∇Xφ)Z)
− 2g((∇Wφ)X, (∇Y φ)Z) + g(HW,Z)g(H X, Y )
− g(HW, Y )g(HX,Z)− 2g(HW,X)g(H Y ,Z)
− η(W )η(Y )g(HX,H Z) + η(W )η(Z)g(HX,H Y )
+ η(X)η(Y )g(HW,H Z)− η(X)η(Z)g(HW,H Y )
+ c{g(X, Y )g(Z,W )− g(Z,X)g(Y ,W )
+ η(Z)η(X)g(Y ,W )− η(Y )η(X)g(Z,W )
+ η(Y )η(W )g(Z,X)− η(Z)η(W )g(Y ,X)
+ g(φ Y ,X)g(φZ,W )− g(φZ,X)g(φY ,W )
− 2g(φZ, Y )g(φX,W )}, (4.1)
for all X, Y , Z,W ∈ Γ(TM).
Notice that D0 and φS are orthogonal and non-degenerate subbundles of
TM and that when M is ascreen QGCR-null submanifold, we observe that
η(X) = η(Z) = 0, ∀X ∈ Γ(D0), Z ∈ Γ(φS). (4.2)
Theorem 4.1. Let (M, g, S(TM), S(TM⊥)) be a totally umbilical or to-
tally geodesic ascreen QGCR-null submanifold of an indefinite nearly cosym-
plectic space form M(c), of pointwise constant φ-sectional curvature c,
such that D0 and φS are space-like and parallel distributions with respect
to∇. Then, c ≥ 0. Equality occurs when M(c) is an indefinite cosymplectic
space form.
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Proof. Let X and Z be vector fields in D0 and φS, respectively. Replacing
W with φX and Y with φZ in (4.1), we get
4R(X,φX,Z, φZ) = g((∇φXφ)Z, (∇Xφ)φZ)
− g((∇φXφ)φZ, (∇Xφ)Z)− 2g((∇φXφ)X, (∇φZφ)Z)
+ g(H φX,Z)g(HX, φZ)− g(H φX, φZ)g(HX,Z)
− 2g(H φX,X)g(H φZ,Z)− 2cg(φZ, φZ)g(φX, φX). (4.3)
Considering the first three terms on the right hand side of (4.3), we have
g((∇φXφ)Z, (∇Xφ)φZ) =− g((∇Zφ)φX, (∇Xφ)φZ). (4.4)
Applying (2.21) of Lemma 2.2 on (4.4) we derive
g((∇φXφ)Z, (∇Xφ)φZ) = −g((∇Zφ)φX, (∇Xφ)φZ)
= g((∇Xφ)Z, (∇Xφ)Z)− g(φZ,HX)
2 + g(Z,HX)2. (4.5)
In a similar way, using (2.22) of Lemma 2.2, we get
− g((∇φXφ)φZ, (∇Xφ)Z) = g((∇Xφ)Z, (∇Xφ)Z), (4.6)
and
− 2g((∇φXφ)X, (∇φZφ)Z) = 0 (4.7)
Now substituting (4.5), (4.6) and (4.7) in (4.3), we get
4R(X, φX,Z, φZ) = 2g((∇Xφ)Z, (∇Xφ)Z)− g(φZ,HX)
2
+ g(Z,HX)2 + g(H φX,Z)g(HX, φZ)− g(H φX, φZ)g(HX,Z)
− 2g(H φX,X)g(H φZ,Z)− 2cg(φZ, φZ)g(φX, φX),
from which we obtain
2R(X, φX,Z, φZ) = g((∇Xφ)Z, (∇Xφ)Z) + g(Z,HX)
2
− cg(Z,Z)g(X,X). (4.8)
Then using the facts D0 and φS are space-like and parallel with respect to
∇, we have
(∇Zφ)X = (∇Zφ)X ∈ Γ(D0),
and (4.8) reduces to
2R(X, φX,Z, φZ) = ||(∇Zφ)X||
2 + g(Z,HX)2 − c||X||2||Z||2, (4.9)
where ||.|| denotes the norm on D0 ⊥ φS with respect to g.
On the other hand, if we set W = φX and Y = φZ in (2.10), we have
R(X, φX,Z, φZ)
= g((∇Xh
s)(φX,Z), φZ)− g((∇φXh
s)(X,Z), φZ), (4.10)
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where,
(∇Xh
s)(φX,Z) = ∇sXh
s(φX,Z)− hs(∇XφX,Z)− h
s(φX,∇XZ).
(4.11)
By the fact that M is totally umbilical in M , we have hs(φX,Z) = 0. Thus
using (2.12), equation (4.11) becomes
(∇Xh
s)(φX,Z) = −hs(∇XφX,Z)− h
s(φX,∇XZ)
=− g(∇XφX,Z)H
s − g(φX,∇XZ)H
s. (4.12)
Differentiating g(φX,Z) = 0 covariantly with respect to X and then ap-
plying (2.4), we obtain
g(∇XφX,Z) + g(φX,∇XZ) = 0. (4.13)
Substituting (4.13) in (4.12), gives
(∇Xh
s)(φX,Z) = 0. (4.14)
Similarly,
(∇φXh
s)(X,Z) = 0. (4.15)
Then, substituting (4.14) and (4.15) in (4.10), we get
R(X, φX,Z, φZ) = 0. (4.16)
Substituting (4.16) in (4.9), gives
c||X||2||Z||2 = ||(∇Zφ)X||
2 + g(Z,HX)2 ≥ 0, (4.17)
which implies that c ≥ 0. When the ambient manifold is cosymplectic, then
∇φ = 0 and dη = 0 [3] and in this case c = 0. 
Example 4.2. Let M be an ascreen QGCR-null submanifold in Example
3.5 Applying (2.4) and Koszul’s formula (see [6]) to Example 3.5 we obtain
hli(X, Y ) = 0 ∀X, Y ∈ Γ(TM), where i = 1, 2, 3,
ǫ4h
s
4(X1, X1) = 2 and hs4(X, Y ) = 0, ∀X 6= X1, Y 6= X1. (4.18)
Using (2.9), (4.18) and ǫ4 = g(W,W ) = 1 + 4(y5)2, we also derive
h(X1, X1) =
2
1 + 4(y5)2
W. (4.19)
We remark that M is not totally geodesic. From (4.19) and (2.11) we note
that M is totally umbilical with
H =
2
(1 + 4(y5)2)2
W.
By straightforward calculations we also have
∇X1X1 = 4y
5X1 and ∇XiXj = 0 ∀ i, j 6= 1.
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Thus, D0 and φS are parallel distributions with respect to ∇. Hence, M
satisfies Theorem 4.1 and c = 0.
Corollary 4.3. Let (M, g, S(TM), S(TM⊥)) be a totally umbilical or to-
tally geodesic ascreen QGCR-null submanifold of an indefinite cosymplec-
tic space form M(c) of pointwise constant φ-sectional curvature c. Then,
c = 0.
A null submanifold M of a semi-Riemannian manifold (M, g) is called
irrotational [9] if ∇XE ∈ Γ(TM), for any E ∈ Γ(RadTM)) and X ∈
Γ(TM). Equivalently, M is irrotational if
hl(X,E) = hs(X,E) = 0, (4.20)
for all X ∈ Γ(TM) and E ∈ Γ(RadTM).
Theorem 4.4. Let (M, g, S(TM), S(TM⊥)) be an irrotational ascreen
QGCR-null submanifold of an indefinite nearly cosymplectic space form
M(c) of pointwise constant φ-sectional curvature c. Then, c ≤ 0 or c ≥ 0.
Equality holds when M(c) is an indefinite cosymplectic space form.
Proof. By setting Y = Z = E, X and W = φE in (2.10), we get
R(X, φE,E,E) = g((∇Xh
l)(φE,E), E)− g((∇φEh
l)(X,E), E)
+ g((∇Xh
s)(φE,E), E)− g((∇φEh
s)(X,E), E) (4.21)
for any X ∈ Γ(TM) and E ∈ Γ(RadTM). Then, using the fact that M is
irrotational, (4.21) reduces to
R(X, φE,E,E) = 0, ∀ X ∈ Γ(TM). (4.22)
On the other hand, setting Y = W = E and Z = φE in (4.1) and simplify-
ing , we get
R(X,E, φE,E) = −3g((∇Eφ)φE, (∇Eφ)X)
− η(E)2g(HX,H φE) + 4cη(E)2g(X, φE). (4.23)
Now, using (4.22) and (4.23), we get
4cη(E)2g(X, φE)
= 3g((∇Eφ)φE, (∇Eφ)X) + η(E)
2g(HX,H φE). (4.24)
Replacing X with φE in (4.24) and the using (2.21) of Lemma 2.2 to the
resulting equation gives
cη(E)2g(φE, φE) = η(E)2g(H φE,H φE). (4.25)
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Since M is ascreen QGCR-null submanifold, there exists E ∈ Γ(D2) such
that η(E) = b 6= 0, and thus (4.25) simplifies to
c = −
1
b2
g(HE,HE) =
1
b2
dη(E,HE). (4.26)
We observe that c = 0 if either dη = 0 (i.e., M(c) is cosymplectic space
form [3]) or HE is a null vector field. The second case implies that HE
belongs to RadTM or ltr(TM). If HE ∈ Γ(RadTM), then there ex-
ists a non zero smooth function κ such that HE = κE, for some arbitrary
E ∈ Γ(RadTM). Taking the g-product of HE = κE with ξ leads to
0 = κη(E), from which η(E) = 0. Since M is ascreen QGCR-null sub-
manifold, then, there is E ∈ Γ(D2) such that η(E) 6= 0, hence a contradic-
tion. Similar reasoning can be applied if HE ∈ Γ(ltr(TM)). Therefore,
c = 0 only ifHE = 0 (i.e., dη = 0) which occurs whenM(c) is cosymplec-
tic space form [3]. It turns out that c ≤ 0 or c ≥ 0 depending on whether
HE is space-like or time-like vector field respectively. 
Corollary 4.5. Let (M, g, S(TM), S(TM⊥)) be an irrotational ascreen
QGCR-null submanifold of an indefinite cosymplectic space form M(c) of
pointwise constant φ-sectional curvature c. Then, c = 0.
It is easy to see from (4.19) that hl(X,E) = hs(X,E) = 0 and hence M
given in Example 4.2 is an irrotational ascreen QGCR-null submanifold of
an indefinite cosymplectic space form M(c). As is proved in that example
c = 0.
5. MIXED TOTALLY GEODESIC QGCR-NULL SUBMANIFOLDS
Definition 5.1. A QGCR-null submanifold of an indefinite nearly cosym-
plectic manifold (M, g) is called mixed totally geodesic QGCR-null sub-
manifold if its second fundamental form, h, satisfies h(X, Y ) = 0, for any
X ∈ Γ(D) and Y ∈ Γ(D̂).
We will need the following lemma in the next theorem.
Lemma 5.2. Let (M, g, S(TM), S(TM⊥)) be any 3-null proper ascreen
QG CR-null submanifold of an indefinite nearly cosymplectic manifold (M, g).
Then,
2η(E)η(N) = 1,
for any E ∈ Γ(D2) and N ∈ Γ(L).
Proof. The proof follows from straightforward calculations using g(ξ, ξ) =
1 and ξ = η(N)E + η(E)N . 
14 FORTUN ´E MASSAMBA, SAMUEL SSEKAJJA
Theorem 5.3. Let (M, g, S(TM), S(TM⊥)) be a 3-null proper ascreen
QG CR-null submanifold of an indefinite nearly cosymplectic manifold (M, g).
Then, M is mixed totally geodesic if and only if hsα(X, Y ) = 0 and A∗EiX =
0, for allX ∈ Γ(D), Y ∈ Γ(D̂),Wα ∈ Γ(S(TM⊥)) andEi ∈ Γ(RadTM).
Proof. By the defintion of ascreen QGCR-null submanifold, M is mixed
geodesic if
g(h(X, Y ),Wα) = g(h(X, Y ), Ei) = 0, (5.1)
for all X ∈ Γ(D), Y ∈ Γ(D̂), Wα ∈ Γ(S(TM⊥)) and Ei ∈ Γ(RadTM).
Now, by virtue of (2.9) and the first equation of (5.1), we have
0 = g(h(X, Y ),Wα) = ǫαh
s
α(X, Y ),
from which hsα(X, Y ) = 0, since ǫα 6= 0. On the other hand, using the
second equation of (5.1), (2.4) and (2.8) we derive
g(h(X, Y ), Ei) = g(∇XY,Ei) = −g(Y,∇XEi) = g(Y,A
∗
Ei
X) = 0.
(5.2)
Since D = D0 ⊥ D1 and D̂ = {D2 ⊥ φD2} ⊕ D, we observe that
A∗EiX /∈ Γ(φD2) or φL. In fact, let suppose that A
∗
Ei
X /∈ Γ(φD2), then
there exists a non-vanishing smooth function ℓ such that A∗EiX = ℓφE, for
E ∈ Γ(D2). Thus,
0 = g(Y,A∗EiX) = ℓg(Y, φE), ∀ Y ∈ Γ(D̂). (5.3)
Taking Y = φN in (5.3), where N ∈ Γ(L) and using Lemma 5.2, we have
0 = g(Y,A∗EiX) = ℓg(φN, φE) = ℓ(1− η(E)η(N)) =
1
2
ℓ,
which is a contradiction, since ℓ 6= 0. Hence A∗EiX /∈ Γ(φD2 ⊕ φL).
Moreover, A∗EiX /∈ Γ(φS) since if A
∗
Ei
X ∈ Γ(φS), then there is a non-
vanishing smooth function ω such that A∗EiX = ωφWα. Taking the g-
product of this equation with respect to Y = φWα and using the fact that
η(Wα) = 0, we get
0 = g(Y,A∗EiX) = ωg(φWα, φWα) = ωg(Wα,Wα) = ωǫα,
which is a contradiction, since ǫα 6= 0 and ω 6= 0. Hence, A∗EiX /∈
Γ({φD2 ⊕ φL} ⊥ φS), which implies that A∗EiX ∈ Γ(D0). Since A
∗
Ei
X ∈
Γ(D0), then the non-degeneracy of D0 implies that there exists some Z ∈
Γ(D0) such that g(A∗EiX,Z) 6= 0. But using (2.8)and (2.4), together with
the fact that M is mixed geodesic we derive
g(A∗EiX,Z) = −g(∇XEi, Z) = g(Ei,∇XZ) = g(Ei,∇XZ) = 0, (5.4)
which is a contradiction. Thus A∗EiX /∈ Γ({φD2 ⊕ φL} ⊥ φS ⊥ D0), i.e.,
A∗EiX = 0. The converse is obvious. 
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Corollary 5.4. Let (M, g, S(TM), S(TM⊥)) be a proper ascreen QGCR-
null submanifold of an indefinite nearly cosymplectic manifold (M, g). Then,
if M is mixed totally geodesic then hli(X,Ei) = 0 and ϕαi(X) = 0, for all
X ∈ Γ(D) and Ei ∈ Γ(D2).
Definition 5.5. A QGCR-null submanifold of an indefinite nearly cosym-
plectic manifold (M, g) is called D-totally geodesic QGCR-null submani-
fold if its second fundamental form h satisfies
h(X, Y ) = 0, ∀X, Y ∈ Γ(D).
Since M is ascreen QGCR-null submanifold, we have g(X, ξ) = 0, for
all X ∈ Γ(D). Applying ∇Y to g(X, ξ) = 0 we get
η(∇YX) = −g(X,∇Y ξ) = g(X,HY ). (5.5)
Interchanging X and Y in (5.5), and then adding the resulting equation to
(5.5), gives
η(∇XY ) + η(∇YX) = g(Y,HX) + g(X,HY ) = 0. (5.6)
Theorem 5.6. Let (M, g, S(TM), S(TM⊥)) be a proper ascreen QGCR-
null submanifold of an indefinite nearly cosymplectic manifold (M, g). Then,
M is D-totally geodesic if and only if φhl(X, φE) and φhs(X, φW ) respec-
tively have no components along ltr(TM) and S(TM⊥), while both∇XφE
and∇XφW /∈ Γ(D0) for all X ∈ Γ(D), E ∈ Γ(RadTM) and W ∈ Γ(S).
Proof. By the definition of ascreen QGCR-null submanifold, M is D geo-
desic if and only if g(h(X, Y ), E) = g(h(X, Y ),W ) = 0, for all X, Y ∈
Γ(D), Wα ∈ Γ(S(TM
⊥)) and E ∈ Γ(RadTM).
Using (2.4) and (2.14), we derive
g(h(X, Y ), E) = g(∇XY,E) = g(φ∇XY, φE)− g(Y,∇Xξ)g(E, ξ),
from which when we apply (2.16) we get
g(h(X, Y ), E) = g(φ∇XY, φE) + g(Y,HX)g(E, ξ). (5.7)
Interchanging X and Y in (5.7) and considering the fact that h is symmetric
we get
g(h(X, Y ), E) = g(φ∇YX, φE) + g(X,HY )g(E, ξ). (5.8)
Summing (5.7) and (5.8), and then applying (5.6), we have
2g(h(X, Y ), E) = g(φ∇XY, φE) + g(φ∇YX, φE). (5.9)
Now, applying the nearly cosymplectic condition in (2.15) to (5.9), leads to
2g(h(X, Y ), E) = g(∇XφY, φE) + g(∇Y φX, φE). (5.10)
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From (5.10) and (2.4) we derive
2g(h(X, Y ), E) = g(∇XφY, φE) + g(∇Y φX, φE)
− g(φY, h(X, φE))− g(φX, h(Y, φE)) (5.11)
If we let X, Y ∈ Γ(D1) in (5.11), we obtain
2g(h(X, Y ), E) = g(Y, φh(X, φE)) + g(X, φh(Y, φE)). (5.12)
On the other hand, for X, Y ∈ Γ(D0), we get
2g(h(X, Y ), E) = −g(φY,∇XφE)− g(φX,∇Y φE). (5.13)
It is easy to see from (5.12) and (5.12) that if φh(X, φE) /∈ Γ(ltr(TM)) and
∇XφE /∈ Γ(D0), then g(h(X, Y ), E) = 0. The other assertions follows in
the same way. The converse is obvious. 
Corollary 5.7. Let (M, g, S(TM), S(TM⊥)) be a proper ascreen QGCR-
null submanifold of an indefinite nearly cosymplectic manifold (M, g). If
M is D-totally geodesic then ∇∗XφE, ∇∗XφW /∈ Γ(D0), for all X ∈ Γ(D),
E ∈ Γ(D2) and W ∈ Γ(S).
Corollary 5.8. Let (M, g, S(TM), S(TM⊥)) be a proper ascreen QGCR-
null submanifold of an indefinite nearly cosymplectic manifold (M, g). If
M is D-totally geodesic, then D defines a totally geodesic folliation in M .
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